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Absorption yields an additional exponential decay in open quantum systems which can be described by shift-
ing the (scattering) energy E along the imaginary axis, E + ih¯/2τa. Using the random matrix approach, we
calculate analytically the distribution of proper delay times (eigenvalues of the time-delay matrix) in chaotic
systems with broken time-reversal symmetry that is valid for an arbitrary number of generally nonequivalent
channels and an arbitrary absorption rate τ−1a . The relation between the average delay time and the “norm-
leakage” decay function is found. Fluctuations above the average at large values of delay times are strongly
suppressed by absorption. The relation of the time-delay matrix to the reflection matrix S†S is established at
arbitrary absorption that gives us the distribution of reflection eigenvalues. The particular case of single-channel
scattering is explicitly considered in detail.
PACS numbers: 05.45.Mt, 05.60.Gg, 73.23.-b, 24.60.-k
There is a growing interest in statistical properties of the
Wigner-Smith matrix Q(E)=−ih¯S†∂S/∂E [1, 2], with S(E)
being the scattering matrix at the collision energy E, in the
cases of chaotic scattering and transport in disordered media
[3]. In the resonance scattering, the matrix element Qcc′ de-
scribes the overlap of the internal parts of the scattering wave
functions in the incident channels c and c′ [2, 4]. This di-
rectly relates the Wigner-Smith matrix to the effective non-
Hermitian Hamiltonian H = H − i2V V † of the unstable in-
termediate system as follows (henceforth h¯=1) [4]:
Q(E) = V †
1
(E −H)†
1
E −HV . (1)
The Hermitian partH stands here for the closed counterpart of
the system while the amplitudes V cn describe the coupling be-
tween N interior and M channel states. The random-matrix
theory approach is usually adopted to simulate the compli-
cated intrinsic motion [5, 6, 7].
The known analytical results [8, 9, 10, 11, 12, 13, 14] are
restricted to the idealization neglecting absorption. The latter
is, however, always present to some extent under laboratory
conditions, being one of the sources of a coherence loss in
quantum transport. This has dramatic consequences for the
statistical observables [15, 16]. Necessity of proper account-
ing of finite decoherence [17] was recently emphasized [18] in
order to remove a certain discrepancy between theory [19, 20]
and experiment [16] on conductance distributions in quantum
dots. Reflection in a weakly absorbing medium turned out to
be directly related [15, 21, 22] to the time-delay matrix with-
out absorption. Recent experiments [23] in microwave cav-
ities demonstrated that the absorption (due to the skin effect
in the walls) may be strong, leading to an exponential decay
[15, 23].
In this paper we show that representation (1) in terms of the
effective Hamiltonian allows us to extent the consideration to
the case of an arbitrary absorption. The nature of the exponen-
tial decay caused by absorption can be easily understood from
the following model consideration which actually goes back
to the concept of the spreading width in nuclear physics [24];
see [4] for the recent developments. In addition to coupling
to continuum (scattering) states the originally closed system
is considered to be also coupled to the background compound
environment. The latter has a very dense spectrum with the
mean level spacing ∆bg being much smaller than the corre-
sponding one ∆ of the closed system, ∆bg ≪ ∆. When
the coupling strength v2 is large enough to mix background
states, v2 > ∆2bg, the original levels acquire the damping or
spreading width Γ↓ ≡ 2piv2/∆bg [4, 24]. Corrections to the
resulting exponential decay show up at the time t∗ ∼ ∆−1bg
and, therefore, can be safely ignored on mesoscopic scale of
the Heisenberg time tH ≡ 2pi/∆≪ t∗ we are interested in.
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FIG. 1: An open cavity with absorption in walls modelled by cou-
pling to (a) the compound background or (b) an infinite number of
fictitious channels with vanishing transmission probabilities.
In the absorption limit of continuous spectrum of the back-
ground, when an irreversible decay into walls takes place, this
description becomes equivalent to that achieved in the frame-
work of the Bu¨ttiker’s model of dephasing in mesoscopic con-
ductors; see Fig. 1 [25]. One considers [17, 19] Mφ fictitious
scattering channels in addition to M real ones. The vanish-
ing transmission Tφ → 0 of the fictitious channels is assumed
to be compensated by their large number Mφ → ∞, the di-
mensionless absorption rate γ = MφTφ being kept fixed [20].
Then the anti-Hermitian part of the effective Hamiltonian H,
which describes coupling to (all) open channels, splits readily
as
∑M
c, real V
c
nV
c ∗
m + δnmΓa [20] into the escape contribution
(first term) and damping one with Γa ≡ τ−1a ≡ γ∆/2pi. An
associated with the last term exponential decay lasts up to the
characteristic time t∗ = tH/
√
γTφ [26] being large as com-
pared to tH .
The consideration presented suggests that nonzero absorp-
tion is equivalent to the purely imaginary shift E+ i2Γa ≡ Eγ
2of the energy in the Green’s function (E −H)−1 of the open
system without absorption as long as resonance scattering
far from the channel thresholds is concerned [27]; see also
[22, 28]. This is in agreement with available data on correla-
tions of S matrix elements in cavities with absorption [23].
In what follows we consider the time-delay matrix with ab-
sorption Qγ ≡ Q(Eγ), with Q from (1), treating γ=ΓatH as
a phenomenological parameter. The important relation for the
reflection matrix
R ≡ S†γSγ = 1− ΓaQγ (2)
follows directly from the definition of the scattering matrix
Sγ ≡ S(Eγ) = 1 − iV †(Eγ − H)−1V , which is subunitary
(R < 1) at nonzero absorption. This relation gives Qγ the
meaning of the matrix of unitarity deficit and generalizes lim-
iting expressions of Refs. [21, 22] valid at weak absorption to
the case of arbitrary Γa. Qγ is a M×M Hermitian, positive-
definite matrix and, therefore, has real positive eigenvalues qc,
the so-called proper delay times. They were recently studied
in much detail for the case of zero absorption [13, 14]. Even
a weak absorption modifies their statistical properties signifi-
cantly, as will be shown below.
We begin with the calculation of the average total delay
time qtot ≡ q1 + · · ·+ qM = trQγ , where the bar denotes
the ensemble average. Making use of the invariance of the
trace under cyclic permutations and the following relation
V V † = i[(Eγ −H)† − (Eγ −H)]− Γa, one gets
qtot = ImTr
−2
Eγ −H −ΓaTr
(
1
Eγ −H
1
(Eγ −H)†
)
, (3)
where Tr acts in the N -dimensional intrinsic space of res-
onances. The first term is known [8, 9] to be equal to the
Heisenberg time tH . To calculate the second one, it is instruc-
tive to go to the time domain and to exploit the well-known
relation between the Green’s function and the time evolution
operator exp(−iHt). This enables us to represent (3) in the
following form:
τtot ≡ qtot
tH
= 1− Γa
∫ ∞
0
dt e−ΓatP (t) , (4)
where P (t) ≡ (1/N)Tr(eiH†te−iHt) is the “norm-leakage”
decay function introduced in Ref. [26]. The average delay
time within the cavity becomes smaller due to additional dis-
solution in the walls. The average weighted-mean reflec-
tion coefficient 〈r〉 ≡ M−1trR is correspondingly given by
〈r〉 = 1− γτtot/M .
P (t) can be calculated by means of Efetov’s supersymme-
try technique [5, 29], which becomes now a standard analyt-
ical tool. Here we only state the corresponding result for the
case of preserved time-reversal symmetry (TRS):
P (t) =
∫ 1
−1
dλ
∫ ∞
1
dλ1
∫ ∞
1
dλ2 µ(λi) δ
( t
tH
− λ1λ2−λ
2
)
×f(λi)
M∏
c=1
[
(gc + λ)
2
(gc+λ1λ2)2 − (λ21−1)(λ22−1)
] 1
2
,(5)
where µ(λi) = (1 − λ2)/(λ21 + λ22 + λ2 − 2λλ1λ2 − 1)2
and f(λi) = (2λ21λ22 − λ21 − λ22 − λ2 + 1)/4. The quantities
gc = 2/Tc − 1 ≥ 1 are related to the transmission coeffi-
cients Tc = 1 − |Scc|2 [5], which determine the openness
strength of the system (without absorption), referring T = 1
(0) to the completely open (closed) one. For reader’s conve-
nience, we note that the result for the case of broken TRS [26]
follows from (5) by removing there the λ2 integration and set-
ting λ2 = 1 everywhere in the integrand save the integration
measure µ(λi)=(λ1 − λ)−2 in this case [30]. It is worth also
pointing out the relation between P (t), Eq. (5), and the au-
tocorrelation function of the photodissociation cross section
[31]. The exact (in the RMT limit N → ∞) equation (4) is
valid for any symmetry and will be also derived below using
a different way.
The “norm-leakage” is identical to unity when the system
is closed (hence the norm). Its time dependence is solely due
to the openness of the system and has been thoroughly studied
in [26] that allows us to understand the qualitative dependence
of qtot on absorption. The typical behavior P (t) ∼
∏M
c=1[1+
(2/β)Tct/tH ]
−β/2
, with β=1(2) standing for preserved (bro-
ken) TRS, is the simple exponential exp(−t∑c Tc/tH) at
small enough times. In the so-called “diagonal approxima-
tion” [26], which neglects the nonorthogonality of the res-
onance wave functions and becomes asymptotically exact at
large t, P (t) turns out to be related by the Laplace transform
Pdiag(t) =
∫∞
0
dΓ e−Γtρ(Γ) ≡ 〈e−Γt〉Γ to the distribution
ρ(Γ) of resonance widths. One gets readily from (4) that
τtot = 〈Γ/(Γ + Γa)〉Γ within this very approximation. The
simple interpolation formula τtot ≈ (1 + γ/
∑
c Tc)
−1 with
corrections of the order of min[1/γ, 1/
∑
c Tc] becomes ex-
act as the absorption rate γ and/or the total (dimensionless)
escape width
∑
c Tc grows.
We proceed further with an analysis of the distribution of
the proper delay times P(q) = M−1∑c δ(q − qc). For the
sake of simplicity, we restrict ourselves to the case of broken
TRS (the unitary symmetry class). The factorized representa-
tion (1) of Qγ enables us to use the same method developed in
Ref. [14] to treat the zero absorption case. Thus, we skip all
standard technical details, indicating only essential ones. As
usual, the jump of the resolvent G(z) = M−1tr (z −Qγ)−1
on the discontinuity line along q = Rez > 0 determines the
seeking distribution as follows: P(q) = pi−1ImG(q− i0).
Due to the factorized structure of Qγ , G(z) can be then rep-
resented in the form suitable for subsequent supersymmetry
calculation [32]. We find the following expression for the de-
termining part K(ζ=z/tH) ≡Mζ2(tHG(z)− 1/ζ):
K(ζ) = 1 +
1
2
∫ ∞
1
dλ1
∫ 1
−1
dλ
λ1 − λ
M∏
c=1
gc + λ
gc + λ1
×
(
∂
∂ν1
− ∂
∂ν
)
bγ(λ1) fγ(λ)
∣∣∣
ν1=ν=1
. (6)
Here bγ(λ1)=e(1−γζ/2)ν1λ1/ζI0[ ν1ζ
√
(1 − γζ)(λ21 − 1)] and
fγ(λ)=e
−(1−γζ/2)νλ/ζJ0[
ν
ζ
√
(1− γζ)(1 − λ2)], with I0(x)
[J0(x)] being the modified (usual) Bessel function. The re-
solvent G(ζ) given by Eq. (6) is an analytical function of
3the complex variable ζ for the negative values of Re ζ and,
therefore, can be expanded there in Taylor’s series. One
finds directly from the definition of G that tHG(z) = 1/ζ +
trQγ/(Mζ
2tH) + · · · for large ζ, relating thus qw to the co-
efficient of the second term of this expansion. On the other
hand, this coefficient is given just by K(−∞) which can eas-
ily be calculated from (6) to reproduce exactly equation (4).
An analytical continuation in (6) to the region of positive
τ ≡ Re ζ requires more care as compared to the case [14]
of zero absorption, where it was achieved by a proper defor-
mation of an original integration contour. First we make the
following decomposition in partial fractions:
1
λ1 − λ
M∏
c=1
gc + λ
gc + λ1
=
1
λ1 − λ −
M∑
a=1
1
ga + λ1
∏
b( 6=a)
gb + λ
gb − ga .
The contribution from the term (λ1−λ)−1 leads to an exact
cancellation with the first term in (6). [This is not surprising
since the product term in (6), the channel factor, which deter-
mines solely the strength of system openness, reduces at λ1=λ
to unity, resulting G(z)=1/z in this case identically.] The in-
tegration over λ1 gets completely decoupled from that over λ
in the contribution from the rest sum. Making use of the table
integrals [33], one finds that
∫ ∞
1
dλ1e
sλ1
g + λ1
I0(α
√
λ21 − 1) =
∫ ∞
0
dp
e−gpe
√
(p−s)2−α2√
(p− s)2 − α2 ,
(7)
with shorthands s ≡ τ−1 − γ/2 and α ≡ τ−1√1− τγ. Just
this term (7) has a nonzero imaginary part, thus the distribu-
tion, at positive τ − i0. A close inspection of the r.h.s. of
Eq. (7) shows, that the imaginary part is determined by the
integration region s− α < p < s+ α, resulting at the end in
piI0(α
√
g2 − 1)Θ(τ−1 − γ), with the step function Θ(x).
We arrive finally at the following general expression for the
probability distribution of the proper delay times:
P(τ = q
tH
) =
1
M
M∑
c=1
(
∂
∂ν
− ∂
∂ν1
)
BcFc
∣∣∣
ν1=ν=1
, (8)
for 0 < τ ≤ γ−1, and P(τ)≡0 otherwise. Here
Bc = e
−ν1sgc I0(ν1α
√
g2c − 1)
∏
a( 6=c)
1
ga − gc , (9a)
Fc =
∫ +1
−1
dλ
2
e−νsλ J0(να
√
1− λ2)
∏
a( 6=c)
(ga + λ). (9b)
The obtained result is valid for arbitrary absorption strength
and arbitrary transmission coefficients of M generally
nonequivalent channels. The limit of zero absorption [14]
is correctly reproduced. The case of statistically equivalent
channels can easily be worked out by performing the limiting
transition gc → g = 2/T − 1 for all c. At last, the distribution
function PR(r) = M−1
∑
c δ(r − rc) of reflection eigenval-
ues rc = 1− γqc/tH follows readily from (8) as
PR(r) = γ
−1P[γ−1(1 − r)] , 0 ≤ r < 1. (10)
We see that the absorption rate γ enters the distribution in
a highly nontrivial way. This is expected to be true for any
distribution function and is contrasted with a correlation func-
tion of, say, S matrix elements S∗ab(Eγ)Sa′b′(Eγ + ε). The
corresponding form-factor [23] (the Fourier transform of the
correlation function) differs from that [5] of the zero absorp-
tion case simply by the presence of an additional exponential
term e−γt/tH . The most striking effect of finite absorption on
the time-delay distribution is likely to consist in suppression
of the universal long-time tails τ−Mβ/2−2 [10, 11, 12, 13, 14]
at τ > γ−1 [34]. To understand this fact qualitatively, we note
that the delay time q(E) ≈ Γn/[(E−En)2+ 14 (Γn+Γa)2] in
a vicinity of a given resonance with the energy En. The max-
imal value of this single-resonance contribution is attained at
E = En, being qmax = 4Γn/(Γn + Γa)2 ≤ 1/Γa for any
value of the (positive) escape width Γn.
We analyze now the important case of single-channel scat-
tering, M = 1, in more detail. The explicit expression to be
obtained from (8) reads as follows:
P(τ) = e
−gs
τ2
(
I0(α
√
g2 − 1)(cosh γ
2
− 2
γ
sinh
γ
2
)
+
2
γ
sinh
γ
2
[
gsI0(α
√
g2 − 1)
−α
√
g2 − 1 I1(α
√
g2 − 1)]) . (11)
We have explicitly checked the normalization of this distribu-
tion to unity and verified relation (4) for the first moment. This
function should be compared to the more simple expression
Pγ=0(τ) = τ−1(∂/∂τ)e−g/τ I0(τ−1
√
g2 − 1) [10] valid at
zero absorption. Figure 2 shows the behavior of P(τ) in two
limiting cases of the weakly and perfectly open system. One
sees in the first case that the maximum of the distribution func-
tion at the small time τ ∼ (2g)−1 ≈ T/4≪ 1 gets more pro-
nounced and narrow as the absorption rate γ grows. At larger
values of τ the distribution is exponentially suppressed with
P(γ−1) ≈ (γ2/T )e−γ/T . The latter is contrasted with the
behavior in the case of perfect coupling, g = T = 1, when
PT=1(τ) = τ−2e−1/τ [1 + (1− τ)(eγ − 1)/τγ] and P(γ−1)
could be rather large. We relate these distinctions to pecu-
liarities in fluctuations of the resonance escape widths in the
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FIG. 2: (color online). The distribution (11) of the time delay in
single-channel scattering for different values of the absorption rate γ
at weak (T = 0.1, left) and perfect (T = 1, right) coupling.
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FIG. 3: (color online). The reflection coefficient distribution in the
single-channel cavity at four experimental realizations [36] of the
absorption rate and transmission coefficient (see the text for details).
The values (2γ, T ) correspond to I: (0.56, 0.12), II: (2.42, 0.75), III:
(8.4, 0.98), and IV: (48, 0.99).
two cases considered. The width distribution ρ(Γ), which is
known exactly [10] for any T and M , has the simple expo-
nential form e−ΓtH/T when coupling is small, T ≪ 1, and
the power law behavior ∼ Γ−2 at Γ >∼ t−1H when T = 1. The
ratio of the widths Γ ∼ Γa determiningP(τ ∼ γ−1) is, there-
fore, exponentially small in the first case and only a power in
the second. This conclusion holds for any finite M .
The sharp border at τ = γ−1 of the obtained distribution
is the direct consequence of equation (2) with the absorption
rate fixed to a constant. Although, as shown above, the value
P(γ−1) of the jump may be exponentially small when cou-
pling is weak, a generic exponential suppression should be
intuitively expected at large values of delay times τ ≫ γ−1.
Indeed, for the time δt a wave-packet oscillating in the cavity
with the frequency ∆/2pi on average experiences (∆/2pi)δt
collisions with the walls, yielding the probabilityTφ(∆/2pi)δt
to be absorbed into one of Mφ fictitious channels. The total
reflection is then estimated as R ≃ (1 − Tφ(∆/2pi)δt)Mφ ,
giving e−γδt/tH in the limit of fixed γ = MφTφ as Mφ →∞
and Tφ → 0. It is instructive, therefore, to define alterna-
tively through the following relation R ≡ e−ΓaQR the ma-
trix QR, which we call the matrix of reflection time-delays.
The positive definite matrix QR is related to Qγ as QR =
−Γ−1a ln(1− ΓaQγ) that leads to the following connection
PR(τr) = e−γτrP
[
γ−1(1− e−γτr)] , τr > 0 , (12)
between the corresponding distributions PR(τr) and P(τ) of
proper delay times (eigenvalues of QR and Qγ , respectively).
Both QR and Qγ reduce to the same Wigner-Smith matrix (1)
in the limit of vanishing absorption. The difference between
them becomes noticeable at finite γ. Still both distributions
coincide up to the time appreciably less than γ−1. They start
to differ at larger times, when P(τ) has the cutoff whereas
PR(τ ≫ γ−1) ∝ e−γτ is exponentially suppressed.
Finally, we discuss the distribution PR(r) of the reflection
coefficient r = |Sγ |2 = 1 − γτ in the single-channel cavity.
This distribution at arbitrary values of γ and T is explicitly
given by Eqs. (10) and (11), reproducing exactly the recent
result [35] obtained by a different method. In the particular
case of perfect coupling it simplifies further to the expression
PT=1(r) = (1−r)−3e−γ/(1−r)[γ(eγ−1)+(1+γ−eγ)(1−r)]
found earlier [22]. For the case of preserved TRS (β = 1), the
reflection coefficient distribution in a microwave cavity has
recently been measured [36]. Our distribution PR(r) at the
values of absorption and transmission realized in this experi-
ment under compulsory (although not surprising in the RMT)
rescaling γ to γβ/2 with β = 1 is shown on Fig. 3. (This cor-
responds to replacing our parameter γ in (10) and (11) with
Tw/2 of Ref. [36].) That should roughly take into account the
difference between the symmetry class of our analytical result
(β = 2) and that of the experiment. Such a replacement is
expected to become more efficient as absorption grows. The
trend is clearly seen from the distribution sharply peaked near
r ∼ 1 at weak absorption (γ ≪ 1) to the Rayleigh distribu-
tion PR(r) ≃ (γβ/2)e−rγβ/2 [28], see also [22], reproduced
correctly at strong absorption (γ ≫ 1) and perfect coupling
(T = 1). Figure 3 is in good qualitative agreement with
the experimental data reported in Ref. [36] (see Figs. 4 and
6 there), which becomes even quantitative as absorption gets
stronger. The rigorous analytical treatment for the case of pre-
served TRS is still lacking, being under current investigation.
In summary, we have calculated the general distribution
of proper delay times and reflection coefficients in an open
chaotic system (e.g., billiard) with broken TRS at arbitrary ab-
sorption. Finite absorption leads to strong suppression of fluc-
tuations at large values of delay times, making the distribution
narrower around the mean. The latter as well as the mean re-
flection coefficient are found to be related to the “norm leak-
age” decay function. The particular case of single-channel
scattering is paid appreciable attention, when discussion of
available experimental data is also given.
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